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Prologue 


The Book of Lemmas is a treatise of 15 theorems related to the circle. It 
was first introduced in Arabic by Thebit Ben-Kora who attributed the work 
to Archimedes. In 1661, the Arabic manuscript was translated into Latin 
by Abraham Ecchellensis and edited by Giovanni A. Borelli. The Latin 
version was published under the name Liber Assumptorum. Subsequently 
the treatise has been translated and in other languages. 

The ancient text I used is the Liber assumptorum (grc) which is I found 
in a collection of thirteen treatises of Archimedes in Perseus Digital Library. 
This text fully agrees with the text in the publication of Archimedes by 
Charles Mugler and there are only a few differences with the reconstruction 
of the ancient text into Sicilian Doric dialect under Evangelos Stamatis. 
These differences have to do mainly with the translation of a limited number 
of words and some arithmetic adjectives in the fifteenth lemma. During 
transportation wherever I considered it more accurate I used the translation 
be E.S. Stamatis. 

The English text can be viewed in parallel with the ancient Greek 
text so that a reader (who knows both languages) can easily compare the 
translation achieved. However the criterion for translating the Greek text 
into English was not to make a rigorous translation. Instead I used a more 
free translation and modern mathematical symbolism in order to exhibit 
more clearly the logic of these lemmas and make them easily understood 
even from a college student. 

I would be honored if with this work I contribute at minimum to what 
Geometry shows us. 


Athens, July 2018 
Nikolaos L. Kechris 
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B i ft A 1 o Ar)[i(j.dTUJV 


El Ka t| 5uo kukAol Enn^auovTEs aAAdAwv kvxos, SidpExpoL 5k auxwv 
napaAAr|Aoi, Em^EuxOstaai al ano toO oapEiou ditpf|s Kal xwv nspaxuv 
xwv 5iap.ETpwv 5uo Eu0Eiai EaaoOvrai aAAaAais kn’ Eu0Eias. 

"Eaxwaav 5uo kukAol, wv Kkvxpa id Z, H, knujjauovxEs aAAaAuv Kaxa to E 
aapEiov, SiapExpos 5k a AB napa SiapExpov xav TA - cpapl 5f), kni£Eux0Eioai al 
EA, AB Eu0Eiai kaaouvxaL aAAaAais kn’ Eu0Eias. 

’EnE^Eux0u $ap a ZH Kal EKfkf}Af|o0u 
noxl to E, ax0w 5k a A0 napa xav ZH. 

’Ens'i ouv EU0Eiai al ZB, ZE iaai kvx'i 
Kal a HA xa Z0, Koiva aipaipfiaOu a 
Z0, touteotiv a HE' Aoinal apa Eu0Eiai 
al 0A, 0B iaai aAAaAais kvxl. 

^uvla apa a uno 0AB xwvia xa uno 
0BA, touteotiv xa uno HAE, kaxlv loa' 

KOLva noxLKELo 0 id ^uvla a uno HAB au- 
vapxpoxEpos apa ^uvla a uno HAB, ABZ A 
auvapxpoxkpy xa uno HAB, EAH kaxlv i- 
aa' ecttl 5 k auvapxpoxEpos a uno HAB, 

ABZ 5 ualv opBats loa' auvapipoTEpos a- 
pa &wvla a uno HAB, EAH 5 ualv op 0 ais 
soxiv I'oa' kn’ Eu 0 Eias apa kvxl Eu 0 Eiai 
al EA, AB* 5 k 5 ELKxaL ouv to npoxE 0 kv. 


?'• 

’'Ectxuj clp-lkukAlov to ABr Kal 5uo Eu0Eiai kmyauouaai airrou al AB, 
Ar, a 5k BE dx0ij nox’ op0as xa Ar, knE^Eux0ij 5k a AA' tpapl 5f) xav 
BZ loav e’l(j.ev xa ZE. 

’EnE^Eux 0 u ^ap a AB Kal ek^At] 0 ei- 
oai al AB, TA aupninxETwaav Kara xo 
H oapELOv Kal ax 9 w a Bl~. 

’Ensl ouv ^uvla a uno TBA op 0 a k- 
oxiv, kooEixai Kal ^uvia a uno TBH op- 
0 a* eoxl 5 k Kal Eu 0 Ela a BA xql Ar Loa' 
kooElxaL apa Kal Eu 0 Ela a AH xql AB, 
xouxkoTL xa Ar loa. 

Kal knsl a BE napa xav HT kaxlv, 
kooElxaL apa Kal a BZ xql ZE Loa* 
5 k 5 EiKxai ouv to npox£ 0 kv. 
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1 . 

If two circles touch internally, and two diameters of these two 
circles are parallel, then if the contact point with the end points 
of the diameters are joined, the two lines will lie on a straight 
line. 


Let Z, H, be the centres of two circles that touch internally at point E, 
and let diameter AB be parallel with diameter CD. I say that if the lines 
ED, DB are joined then they will lie on a straight line. 

E Let ZH be joined and produced to 

E and draw DF parallel to ZH. 

Then (by substaction) 

f ZB = ZE 
\ZF = HD = HE 

It follows that 

zFDB = zFBD 
zHDE = zHED 
zFBD = zHED 



- FD = FB 


->■ 


-»■ zFDB = zDBZ = zEDH = zHED 
-> zHDB + zDBZ = zHDB + zEDH 
^2 L = zHDB + zEDH 

Therefore the lines ED, DB will lie 


on a straight line. Therefore the claim has been proved. 1 


2 . 

Let ABC be a semicircle and let DB, DC be the tangents from 
point D to the circle. Draw BE perpendicular to AC and join AD. I 
say that BZ = ZE. 


Draw AB and produce AB, CD to 
meet to point H and draw BC. 

Then since the zABC = 1 L follows 
that zCBH = 1 L . And BD = DC so that 

DH = DB = DC. 

And, since BE is parallel with HC 
it follows that BZ = ZE. 

Therefore the claim has been proved. 



1 The same proof applies if the circles touch externally. 
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B i ft A l o Ar)[i(j.dTUJV 


’'Ecttw T(j.a(j.a kukAou to Ar Kal and oapELOu tlvos B xas nEpupEpEias 
ax0w tol Ar nox’ 6p0as a BA, AEAaq>0w 5k eu0elq a AE eu0elcl xa AA 
laa Kal nspupspEia a BZ tol AB' q>apl 5f|, Em^Eux0ELaa a TZ Eu0Eia tol 
TE ecttlv iaa. 


’Ene^eux0uaav ^ap al AB, BZ, ZE, 
EB eu0e lql‘ Kal eiieI a AA xg. AE ectt'lv 
laa, KOLva 5k cl BA, 5uo 5f] al AA, AB 
5uai xals EA, AB EKaxspa EKOTEpg. laai 
evtl* EOTi 5k ^uvla a uno AAB ^uvla fa 
uno EAB laa 1 fracas apa a EB ^cloel tol 
AB, toutectti xa BZ, ectt'lv laa' ^uvla 
apa a uno BEZ ^uvlg. xg. uno BZE ectt'lv 
laa. 

Kal snsl TExpanAsupov to ABZr ev 
KUKA y ecttlv, $uvlaL al anEvavxlov al uno 
TZB, TAB, toutecttlv al uno TZB, BEA, 
Suct'lv op0aLs LcraL evtl. 

"Ecttl 5e Kal CTuvapLpoTEpos a uno 
TEB, BEA Suct'lv opGats Laa* KOLva a- 
(paipf)CT0u a uno BEA’ &wvla apa a uno 
rZB xuvla tol uno TEB ectt'lv loa' Koiva 
d(paLpfiCT0uj a uno BZE, toutecttlv a u- 
no BEZ' Aomal apa al noxl xg. ^daEL xg. 
EZ xpL^wvou xou ErZ ^uvlaL al uno TZE, 
ZEr LcraL aAAaAaLs evtl' nAsupa apa a 
Zr nAsupg. xg. Er ectt'lv Lera' SeSelktol 
OUV TO npOTE0EV. 
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3. 

Let B be any point on a segment of a circle whose base is AC 
and let BD perpendicular to AC. Take E on AC so that AD = DE and 
Z on arc AC so that arc AB is equal to arc BZ. I say that if CZ, 
CE be joined, shall be equal. 



Let the lines AB, BZ, ZE, EB be 
joined. Then 

AD = DE } 

< BD common l EB = AB 

,zADB = zEDB = l L J 

EB = AB = BZ 
-> zBEZ = zBZE 

And since ABZC is an inscribed quad¬ 
rilateral 

zCZB + zCAB = 2 L = zCZB + zBEA 
Hence we get 

zCZB + zBEA = 2 L 1 
zCEB + zBEA = 2 L J ^ 

-> zCZB = zCEB 

-»■ zCZB - zBZE = zCEB - zBEZ 

-»■ zCZE = zZEC 

That is triangle CZE is isosceles, 
therefore ZC = EC. 

Therefore the claim has been proved. 
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B i ft A l o Ar)[i(j.dTUJV 


5 \ ^ 

El Ka ev afiLKUKALw aap-ELOv" ti enl xas SLapexpou f), gpatpeuvxL 5k 
ano xuv xpapaxuv xas diapexpou 5uo apuKUKAia evxos, avaaxaKfj 5k 
ano xoO AatpGsvxos aapEiou EuGsta noxl xa nEpupspEui xa 5iap.Expu nox’ 
op0ds, axf||j.a xo uno xuv xpLuv nEpupEpELuv nspLExopEvov laov ectxl 
kukAuj, ou 5lo.(j.expos a. avaaxaKELaa ko.0exos. 



”Eaxu cl|j.lkukAlov xo ABr Kal aa|j.EL- 
ov xl enl 5La|j.ETpou xas Ar xo A, Kai 
ano SLapExpuv xuv TA, AA d|j.LKUKALa 
dva^pdcpGijdv evxos, ano 5k xou A aa- 
(j-Eiou dveaxaKexu nox’ op0as xa Ar a 
AB (papi Sf], CTxf)|j.a to uno xuv xpLuv 
nepupepeiuv nepiexofievov, touxectxl xou 
|j.el^ovos d|j.LKUKALOu Kal xuv 5uo ava- 
Spacpevxuv evxos, 5nep apffr|Aos koAel- 
a0u, kukAuj, ou Siapexpos a AB, laov 
A AT eaxLv. 

’Enel ^ap eu0Eiai al AA, AB, Ar e- 
^f|s avaAo^ov evtl, kaaelxaL xo uno xuv 
AA, Ar xy ano xas BA lgov* kolvov no- 
xLKELa0u xo uno xuv AA, Ar Kal xa ano 
xuv AA, AP xo apa ano xas oAas xExpd^uvov, xouxecttl to ano xas Ar, xois 
ano xuv xixapaxuv xuv ano xuv AA, Ar xExpa^uvoLs Kal xy 5ls xou ano xas 
BA eaxlv laov. 

Kal enel o'l kukAol npos aAAaAous us xa ano xav 5La|XExpuv xExpd^uva 
evtl, eaaeIxai 5f) kukAos, ou SLapiexpos a Ar, 5ual kukAols, uv 5Lap.Expos a AB, 
Kal 5ual kukAols, uv dLapexpoL al AA, Ar, laos, xouxeaxLV dfiLKUKAiov to Ar 
laov KUKAy, ou SLapexpos a AB, Kal 5ualv d|j.LKUKALOLs, uv 5La|j.ExpoL al AA, AP 
kolvov dq>aLpfia0u d|j.LKUKALa xa AA, AP AoLnov apa xuplov to nepLexopEvov uno 


nepLLpepELUv xav Ar, AA, Ar, onep ap(fr|Aos KaAelxai, kukAuj, ou dLapexpos a AB, 
eaxlv laov SeSeLKxaL ouv to npoxeGev. 
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4. 

If from any point on the diameter of a semicircle two inner 
semicircles be described with diameters the line segments defined, 
and from this point a perpendicular line segment is drawn and 
produced to meet the circumference of the outer semicircle, then 
the area of the figure included between the circumferences of the 
three semicircles is equal to the area of the circle whose diameter 


is the perpendicular line segment. 

Let ABC be a semicircle and D any 
point on the diameter AC of the semi¬ 
circle. With diameters CD, DA draw 
inner semicircles and from the point 
D draw a perpendicular line segment 
DB to AC. 

I say that the area of the figure 
included between the circumferences 
of the three semicircles, which shall 
be called arbelos, is equal to the area 
of the circle whose diameter is the per¬ 
pendicular line segment DB. 

Since DB is the geometric mean of 
DA, DC, then adding the expression 
AD DC + AD 2 + DC 2 we get 


B 



A DC 


DB 2 = AD DC 

DB 2 + AD DC + AD 2 + DC 2 = 2 AD DC + AD 2 + DC 2 -> 

2 DB 2 + AD 2 + DC 2 = (AD + DC ) 2 = AC 2 


And since circles are to one another as the squares of their diameters 
and denoting by (C XY ) the area of a circle with diameter XY and by (S XY ) 
the area of a semicircle with diameter XY then we take from above 


2 • (Cdb) + (^ad) + (Cdc) = (Cac) ^ 
(Cdb) + (^ad) + ($dc) = (Sac) 

(C D b) — (Sac) - (Sad) - (Sdc) ^ 

(Cdb) — ( E arbelos) 


Therefore the claim has been proved. 
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B i ft A l o Ar)[i(j.dTUJV 


El Ka ev op-lkukAluj aapEtov tl kni xas dLapkxpou f), Kai ^paq>EiJVTi 
ano xuv TpapdTwv xas diapexpou duo dp-LKUKAia evxos, dvacrxaKf| 5s ano 
xoO aapeiou eu0eta xa diapexpy nox’ opGas, Kal duo kukAol xpa 9 Ewvxi 
en’ dpLpoxepa xas dveaxaKOuaas enLyauovxes auxas Kal xuv clplkukAluv, 
o'l gpaxpevxes kukAol EaaouvxaL aAAaAoLs lctol. 

"Ectxu apiKUKAiov, ou dLdpexpos a AB, crapELOv dk xl kn’ auxas xo P ava^e- 
8pdcp0u dk ano xpapaxuv xuv Ar, TB apiKUKAia evxos, Kai ano xou T oapeLOu 
avECJxaKExu nox’ op0as diapixpu xa AB a TA, ^pd(p0idv dk duo kukAol kn’ 
apqjoxEpa xas dvEaxaKOuaas eu9elcls knLyauovxEs xas xe dvEaxaKOuaas Kai 
xuv oulkukAluv' (papi 5 t), ol ^pa-cpkvxEs kukAol lctol aAAaAoLs evxl. 

"Ectxuj ^ap npoxspov kukAos 6 km- 
yauuv xas TA Kara xo E craps lov Kai 
ap-LKUKAiou pkv xou Ar Kaxa xo H, api- 
kukAlou dk xou AB Kaxa xo Z, ax9u dk 
dLapsxpos xou kukAou a OE - 

EnL^Eux0ELCTaL df] al A0, 0Z eu0e Tai 
ECToouvxaL aAAaAais sn’ Eu0ELas, ek^At)- 
0e Lcai dk al AZ, TE eu0e iai aupfkiAk- 
xucrav Kaxa xo A oapEtov opoius df] 

EnL^Eux0ELoaL al ZE, EB ECToouvxaL aA- 
AaAaLs sn’ su0ELas, Kai al 0H, HI - , Kai 
ai EH, HA, EKfkf$Af]CT0u dk a AE kni xo I 
aap-ELOv, ax0u dk a Bl Eu0Ela Kai a IA. 

’Ensi ouv al AA, AB eu0e lai evxl Kai 
ano xou A aapsLOu xa AB axxai nox’ op- 

9as a Ar, Kai ano xou B nox’ op9as xql AA a BZ xEpvkoucra xav Ar, Kaxa xo 
E, eu9e ia dk a AEI nox’ op9as xp Bl ectxlv, ECToouvxaL apa eu0e IaL al Bl, IA aA- 
AaAaLs kn’ Eu0ELas, us nap T)puv kv xols llspi 6p9o^wvLuv xpL^uvuv dkdELKxaL. 

Kai knsi eu9elo. a BA napa xav TH ectxlv, xov auxov Ao^ov exel a AA noxi 
xav AO, ov exel a Ar noxi xav 0E, xouxectxlv a AB noxi xav Br xo apa uno xav 
Ar, TB xy uno xav AB, OE kaxiv ’lctov' opoius df] dsi^opEs 5xl kv KUKAy xy AMN 
xo uno xav Ar, TB xy uno AB Kai xas dLapkxpou xou AMN kukAou lctov ectxlv 
ai dLapExpoL apa kukAuv xuv EZH, AMN lctol evxl, xouxectxlv o'l duo kukAol lctol 
evxl' dkdsLKxaL ouv xo npoxE0kv. 
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5. 

If from any point on the diameter of a semicircle two inner 
semicircles be described with diameters the line segments defined, 
and from this point a perpendicular line segment is drawn and 
produced to meet the circumference of the outer semicircle, then, 
if two circles be drawn touching the perpendicular line segment on 
different sides and each touching the two of the semicircles, the 
circles so drawn will be equal. 


Let C be any point on the diameter AB of a semicircle. With diameters 
AC, CB draw inner semicircles and from point C draw CD perpendicular 
to AB. On each side of CD draw circles touching the segments and the 
semicircles. I say that the circles so drawn will be equal. 

Consider first the circle touching 
CD at point E, semicircle AC at H and 
semicircle AB at Z and draw the diam¬ 
eter FE parallel to AB. 

Join line segments AF, FZ. Then 
by Prop. 1 these will lie on straight 
line. Produce then line segments AZ, 
CE to meet at point D. In a simi¬ 
lar manner by Prop. 1 line segments 
ZE, EB will lie on straight line as well 
as line segments FH, HC and line seg¬ 
ments EH, HA. Produce also AE to 
meet circumference at I and draw line 
segments Bl and ID. 

Then since AD, AB are straight lines 
and DC perpendicular to AB and BZ 
perpendicular to DA meeeting DC at point E, implies E is the orthocenter 
of triangle ABD, so that AEI _l BD. But AEI _l Bl therefore Bl, ID will lie on 
straight line. 

And since BD is parallel with CH we get 



AD _ AB _ AC 
DF BC FE ^ 
AC CB = AB FE 


In a similar manner we can prove that in circle LMN 

AC CB = AB LN 

Therefore the diameters of the two circles EZH, LMN are equal, hence 
the two circles are equal. Therefore the claim has been proved. 
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Bi^Alo Ar)[i(j.dTUJV 


El Ka kv qj-LKUKrlLUj aapEtov tl knl Tas SLapkxpou f), Kai ^paq>EiJVTi 
ano xwv xp.a|jdTwv Tas diapexpou duo apiKUKrlia kvxos, ^paq>fi 5k ev xw 
appfirluj KUKflos knu|jauwv xwv xpLwv djj.LKUKrllwv, xov rlo^ov xas Siapexpou 
xoO SoGevxos ap.LKUKrliou noxi xav diapexpov xoO E^patpsvxos kukAou 

EUpELV. 

"Ecttw apiKUKrliov xo ABI", aapsiov 5k xl kni xas Siapixpou xo A Kal nenoi- 
fia9u ouxujs, ujctte to |j.el£ov Tpapa to AA krldooovos tou Ar apLorEov el|j.ev, 
Kal ano TpapiaTuv tujv AA, AB dva^E^pacpOuv apiKUKrlia, ^pacpGw 5k kv tu 
dpftf)ilw KUKflos 6 EZ knupauuv twv Tpiwv dfiiKUKfUuv, Kal axGw 5iap.ETpos auTOu 
napa Tav Ar a EZ. Eupslv tov rlo^ov 5iap.ETpou Tas Ar noTl SiapsTpov Tav 
EZ. 

’Ens^EuxGuaav al AE, EB EuGslai Kal 
ai TZ, ZB' EuGstaL 5r| evtl al AB, TB, ws 
kv tols npoTEpov e5elxGt|. ’Ens^EuxGw- 
aav etl al ZHA, EOP dsiKvuvTai 5f) au- 
TaL EuGslaL el|j.ev' etl 5k kns^EuxGuaav 
al AE, AZ, Kal al Al, AA, Kal km^Eu- 
x0e toaL al EM, ZN EK^E^rlf|o , 9wo , av knl 
Ta O, P aap-Eia. 

’Ensl ouv kv TpL^wvy TLjj AEA a AH 
tq. EA noT’ opGas ecttlv, Kal a Al tql AE, 
te|tveovtl 5k drlAarlas koto to M aa|j.EL- 
ov, a EMO Ta Ar kaasiTaL noT’ opGas, 
us nap fi|j.uv kv tols IHspl TpL^uvuv k- 
5elx0t] Kal TLjj npoTEpov unkKELTO' 5La 
Ta auTa 5f] Kal a ZNP Ta TA kaos rraL 
tot’ opGas' ecttl 5k euGelo a AA napa 
Tav AB Kal a Al napa Tav TB' 

wctte tov auTOv flo^ov exel a AA noTl Tav Ar, ov exel a AM noTL Tav MZ, 
touteotlv a AO noTl Tav OP Kal a TA noTl Tav AA tov auTOv rlo^ov exel, ov 
exel a TN nerd xav NE, TOUTEQTLV 6. rp noTl Tav PO' f]v 5k a AA dp-Lor^os Tas 
AP Kal a AO apa Tas OP ectt'lv apLorEos, Kal a OP Tas TP' EuGstaL apa al AO, 
OP, Pr k^f|s avarlo^ov evtl, av a pikv Pr laa ^LVETaL Tkaaapa, a 5k OP k^, a 5k 
AO kvvka, a 5k TA EWEaKalSsKa. 

”Ecttl 5k a PO tql EZ Laa' wctte tov outov flo^ov exel a Ar noTl Tav EZ, ov 
exel Ta EwsaKaldEKa noTl tcl k^' Kal ecttlv a Ar 5La|j.ETpos dpLKUKrEou tou ABr, 
a 5k EZ KUKflou tou EBZ' EupkGr) apa 6 aLTOU|j.Evos flo^os. 

O|J.0LUS 5f] 5ELX0flCTETaL EL Ka 6 Ao^OS Tas 5La|TETpOU TOU 5o0EVTOS a|J.LKUKflLOU 
noTl Tav 5Lap.ETpov tou k^xpeupevTOs kukAou knLpiopLOs r \. 
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6 . 

If from any point on the diameter of a given semicircle, two inner 
semicircles be described with diameters the line segments defined, 
and inside the arbelos defined, a circle is drawn touching the three 
semicircles, find the ratio of the given semicircle’s diameter to the 
circle’s diameter. 

Let ABC be a semicircle and D a point on its diameter so that AD = 
(3/2) DC. With diameters AD, DC draw inner semicircles and inside the 
defined arbelo draw a circle touching the three semicircles. If EZ is the 
diameter of the circle parallel with AC, find the ratio of AC to EZ. 

Join line segments AE, EB as well 
as CZ, ZB. Then the line segments 
AB, CB as was previously shown (Prot. 

1) will lie on straight line. For the 
same reason ZHA, EFC will also lie on 
a straight line. Moreover join DE, DZ 
and Dl, DL. Also join EM, ZN and pro¬ 
duce them until meet AC to points O, 

P respectively. 

Since in triangle AED, AH is per¬ 
pendicular to ED, and Dl to AE, and 
they intersect at point M, then (as A 0 d P C 

has been shown in ’’About Triangles” 
and assumed previously) EMO should 
be perpendicular to AC. For the same 

reason ZNP is perpendicular to CA. And since DL is parallel to AB and Dl is 
parallel to CB, we take 



AD _ AM _ AO ^ 
DC MZ OP 
CD _ CN _ CP 
DA NE PO 
AD = 3 
DC 2 . 


AO = -OP 

2 

OP = -CP 

2 


Therefore the line segments AO, OP, PC are in continued proportion (geo¬ 
metric progression) and if PC = 4 then OP = 6, AO = 9 kol CA = 19. Now 
PO = EZ so that 

AC = AC = 19 
EZ PO 6 

where AC is the diameter of the given semicircle ABC and EZ the diameter 
of the circle EBZ. Therefore the ratio was found. 

In a similar manner we find the ratio of the given semicircle’s diameter 

to the circle’s diameter when the initial ratio is of the form n±l. 












Bi^Alo Ar)[i(j.dTUJV 


12 


'O Texpa^ijvuj nEpL^e^pajj-i-ievos kukAos SinAaoiuv toO E^E^pappEvou 

ECTTLV. 


"Ecttu &dp KUKflos 6 AB nepl TETpa- 
&uvov to AB Kal ev auTy E^expaW-i-Evos 
KUKflos 6 TA, SiapETpos 5 k tou nspi^E- 
^pap-flEVOU KUKfloU Kai TOU TETpa^UVOU, 

a. AB, ax0u 5k 5 l&|j.etpos tou e^SPC-M-" 
|j.evou kukAou a TA napa Tav AE' (pa|j.l 
5f), 6 nEpi^E^pappEvoB kukAos tou e^e- 
^pap-fiEvou eotl Sinflaaiuv. 

’Ensl ouv to ano tcLs AB SmAdaLOv 
tou ano to.5 AE, toutecttl tou ano Tas 
TA, ol KUKfloi 5k evtl ujs id ano Tav 
5iap.ETpuv auTuv TETpa^uva, EoasiTai 
apa Kal 6 nEpi^E^paW-iEvos kukAos tou 
E^^EX pappevou Sinflaaiuv 
SkSsiKTai ouv to npoTE0kv. 



/ 

"n • 

El Ka ev kukAu euQelo. tls AB npoaap|j.O(j|j.Eva f), EKf}flr|0r| 5k KaTa. to 
T aapEiov, uc7te tclv Br EU0Eiav tol ek toO kevtpou laav elpev, SiaxOrj 
5e EU0ELO. TLS ano TOO r 5lcl TOU KEVTpOU TOU KUKfloU knl TO E CJa|-LELOV, 
EaoELTaL nEpupkpELa a. AE nEpupspEias tcls BZ TpLnflacrLwv. 



’Ax 0 u &dp a EH napa Tav AB Kal 
knE^£ux0uv al AB, AH. 

’Ensl ouv ^uvlai al uno BrA, BAI", 
AEH, AHE laaL aflflarlaLS evtl, &uvia dk 
a uno TAH ^uvias Tas uno AEH eot'l 
S inrlaaiuv, kaasiTaL apa &uvla a uno 
BAH ^uvias Tas uno BAr Tpinrlaaluv. 

’Eocteltol apa nEpupkpELa a BH, tou- 
tecttlv a AE, nEpLCpspELaS Tas BZ TpL- 
nflaaluv. 5k5ELKTaL ouv to npoTE0kv. 
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7. 

A circle circumscribed about a square is double the circle 
inscribed the same square. 



Let AB be a circle circumscribed 
about square AB and let CD be the 
circle incribed to the square so that 
the line segment CD is parallel with 
AE. I say that the circumscribed circle 
is double the inscribed circle. 

Since we have 


AB 2 = 2 AE 2 = 2 CD 2 


And since circles are to one an¬ 
other as the squares of their diam¬ 
eters, it is implied that the circum¬ 
scribed circle is double the inscribed 
circle. 

Therefore the claim has been proved. 


8 . 

Let AB be any chord of a circle with center D be produced to 
point C, so that the line segment BC is equal to the radius of the 
circle, If further the line segment CD is produced to meet the circle 
a second time in E, then the arc AE will be equal to three times 
the arc BZ. 


Draw EH parallel to AB and join DB, 

DH. 


zBCD = zBDC = zDEH = zDHE 
zCDH = 2 zDEH 


-> zBDH = 3 zBDC 


Therefore the arc BH that is AE 
is equal to three times the arc BZ. 
Therefore the claim has been proved. 
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B i ft A l o Ar|[i[idxwv 


0 '. 


El kcl ev kukAuj 5uo euGeicll xe|ivwvxl aAAdAas nox’ 6p0as [if] 5 lcl xou 


Ksvxpou ouaai, 5uo al anEvavxiov nEpupspEiai dual xats anEvavxiov iaai 

i on / o i / 

drinanais evxl. 


"Eaxw kukAos 6 ABr Kal 5uo euGel- 
ai al AB, TA xEpvEOuaai aAAaAas nox’ 

opGas, [if] 5ia xou KEvxpou ouaai' cpa- 
|il 5f), 5uo al anEvavxLOv nEpupspELaL al 
AA, TB dual xats anEvavxiov xats Ar, 
BA LaaL aAAaAaLs evxl. 

TExpaaGu &dp 5ixa a TA Kara xo H 
aa|iELOv Kai 5La xou H dLaxGu 5La|iExpos 
xou kukAou a EZ napa xav AB. 

’Ensi ouv nEpupspsia a Er nEpupspEi- 
ais xats EA, AA iaa saxiv, Eaaouvxai 
apa nEpicpspEiai al TZ, EA, AA apiKu- 
kAluj iaai. eoxl 5e nEpupspEia a EA ns- 
pupEpEuj xq. BZ Laa' auva|i<p6xEpos apa 
nspupspELa a TB, AA dfiiKUKAiu saxiv i- 
aa' Aoinf] apa auvaficpoxEpos nspicpspEia 
a Ar, AB apiKUKAiuj ectx'lv iaa' dESsiKxai 
ouv xo npoxE0sv. 
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9. 

If in a circle two chords intersect at right angles and do not 
pass through the centre then the sum of two opposite arcs equals 
the sum of the remaining others. 


E 



Z 


Let ABC be a circle and let AB, CD 
be two chords which intersect at right 
angles and which do not pass through 
the centre. I say that the sum of the 
two opposite arcs AD, CB is equal to 
the sum of the remaining others AC, 
BD. That is 

AD | CB = AC | BD 

Let H be the midpoint of CD and 
from point H draw the diameter of the 
circle EZ parallel with chord AB. 

Since 

EC = EA+ AD_ 

-s- CZ + EA + AD = 1 semicircle 


However EA = BZ therefore 
-> CZ + BZ + AD = 1 semicircle 
-» CB + AD = 1 semicircle 


This implies that the sum of the 
remaining arcs will also be equal to a 
semicircle, that is : 

AC + DB = 1 semicircle 


Therefore the claim has been proved. 
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B i ft A l o Arippaxuv 


/ 

L . 

El Ka f) kukAos 6 ABr Kal 5uo euQelcll at AA, Ar EnujjauoucraL airrou 
Kara xa A, T aajj.Eia, Tepveoucra 5k eu0Eia a AB, ax0rj 5s a Er napa 
xav BA, EnL^Eux0f| 5k a EA xEpvEOucja xav AB Kara xo Z, Kal ano xou 
Z nox’ op0as xa Ef ax0rj a ZH, a a^p-sva xav Ef 5ixa xe|j.vel. 


A 



’EnE^Eux0u $ap d Ar. ’Ensl ouv eu- 
0e ta a AA Enujjauouaa xou kukAou ectxlv, 
a 5k Ar xE|a.vEOuaa auxou, ^uvLa a uno 
AAr xql ev xy svaAAa.^ xpapaxL xou ku¬ 
kAou ^ujvlql xqi. uno AEr, xouxectxl xql uno 
AZA, ectxlv LCTa. "Ectxl &dp a TE napa 
xav BA. 

Kal knsl ev 5uct'l xpi^uvoLS xols AAZ, 
A0A 5uo ^uviaL al uno AZA, ©AA laai 
dAAdAais evxl, ^wvia dk a npos xy A 
KOLva, xo apa uno xuv ZA, A© nspLExo- 
I-levov op0O8UVLOv xy ano xas AA, xou¬ 
xectxl xlj ano xas Ar XExpa^uvy, ectx'lv 
lctov knsl ouv ov Ao^ov exel a ZA noxl 
xav Ar, xouxov exel Kal a Ar noxl xav 
A0, ^uvLa 5k a noxl xo A aapElov KOLva 
ectxlv, xpL^uva apa xa AZr, Ar© ectx'lv 
5p.OLa Kal ^uvLaL al uno AZr, Ar©, AA0, 
AZA laaL aAAaAais evxl’ 


ectxl 5k Kal ^uvia a uno AZr xa uno ZrE laa’ f)v 5k Kal a uno AZA xa uno AEr 
lctct‘ ev 5uct'l xpi^uvoLs apa xols EHZ, THZ 5uo ^uvlaL al uno HEZ, HTZ laai 
aAAaAais kvxl Kal al noxl xu H oap-ELy ^uvlai opGaL’ ectxl 5k nAsupa a HZ kolvct’ 


ectxlv apa a EH xql HT laa' 5e5elkxctl ouv xo npoxE0kv. 
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10 . 

Let ABC be a circle and let DA, DC be two tangents to the 
circle while BD a line segment cutting it. Draw chord EC parallel 
with BD and join EA which meets DB at Z. Then, if ZH be drawn 
perpendicular to EC, it will bisect it in H. 


Join AC. Since DA is tangent to 
the circle and AC a chord of it, and 
since CE is parallel with BD, it follows 
that 

zDAC = zAEC = zAZD 

Then the triangles DAZ, AFD have 
zAZD = zFAD and zA common, they 
are therefore similar, hence we get 

ADAZ « AAFD -s- 

ZD = DA 

DA DF 
ZD DF = DA 2 
ZD DF = DC 2 -> 

ZD DC ~ 

— = —, zD common ->■ 

DC DF’ 

ADZC « ADCF ->■ 

zDZC = zDCF = zDAF = zAZD 


A 



From the above and since EC || BD, we get 


zDZC = zZCE 
zDZA = zAEC 
zDZC = zDZA 


zAEC = zZCE HEZ = zHCZ 


Therefore the triangles EHZ, CHZ have zHEZ = zHCZ, zZHE = zZHC = 1 L kcll 
ZH common. It follows that they are equal and hence EH = HC. Therefore 
the claim has been proved. 
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B i ft A l o Ar)[i(j.dTUJV 


ia 


El kq ev kukAuj 5uo eu0elql xe|j.vwvxl aAAaAas nox’ op0a.s pf) 5 l& xou 


Ksvxpou ouaai, xa ano xuv xpapdxuv xuv euGeluv XExpa^uva xy ano 
xas SiapExpou xoO kukAou icra evxl. 


"Ectxu &dp kukAos 6 ABr, Kai 5uo eu- 
Ge Tai al AB, TA xExpaaGuv nox’ opGas 
Kaxa xo E aapEiov' (papi 5r|, xa ano xuv 
xfiapaxuv xuv AE, EB, TE, EA xsxpa^u- 
va xy ano xas 5La|j.Expou xou kukAou iaa 

E0TLV. 

’AxGu &ap SLafiExpos xou kukAou a 
AZ Kai snE^EUxGwv al Ar, AA, TZ, AB 

EU0E LaL.^ 

’Ensi ouv ev dual xpL^uvoLs xols AAE, 
AZr ^uviaL ai uno AEA, AAE, Kai ArZ, 
Azr LaaL aAAaAaLs evx'l EKaxspa ekote- 
pg, AoLnai apa ^wviaL ai uno TAZ, AAE 
saaouvxaL aAAaAaLs LaaL' nspLcpspELaL a- 
pa ai TZ, AB LaaL aAAaAaLs evxl, Kai ai 
xauxas unoxELvouaaL EuGsiaL ai TZ, AB' 
eoxl 5e Kai xa ano xuv AE, EB xy ano 
xas AB, xouxeoxl xy ano xas TZ, lctov, 
Kai xa ano xuv AE, Er xu ano xas TA, 
Kai xa ano xuv TZ, rA xu ano xas ZA, 
xouxectxl xy ano xas dLa|j.Expou, iaa' 

EaaouvxaL apa xa ano xuv xpapa- 
xuv xuv AE, EB, TE, EA xsxpa^uva xu 
ano xas ckapExpou iaa' SsdELKxaL ouv 
xo npoxsGsv. 
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11 . 

If in a circle two chords intersect at right angles in a point 
not being the centre, then the sum of the squares of the defined 
segments is equal to the square of the diameter. 



Let ABC be a circle and let AB, CD 
be two chords which intersect at right 
angles in point E. I say that 

AE 2 + EB 2 + CE 2 + ED 2 

is equal to the square of the diameter. 

Draw the diameter AZ and join line 
segments AC, AD, CZ, DB. 

Then from triangle ADE, AZC we get 


zAED = zACZ 
zADE = zAZC 


-»• zDAE = zCAZ 


DB = CZ 
DB = CZ 


Therefore 

DE 2 + EB 2 = DB 2 = CZ 2 

AE 2 + EC 2 = CA 2 

CZ 2 + CA 2 = ZA 2 

-»■ AE 2 + EB 2 + CE 2 + ED 2 = ZA 2 

That is the sum of the squares of 
the defined segments is equal to the 
square of the diameter. Therefore the 
claim has been proved. 
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B i ft A l o ArippaTuv 


El kcl ek oapELOu ektos ciplkukAlou duo euQeicll clxQeuivtl Enupauouoai 
auxoO, ax0EwvTL dk ek tuv oapsiuv acpas duo EuGEiai noxi tols ansvavTiov 
nspaxTECTL Tas dLapsxpou TEpvEOuoai aAAaAas, a ek toO ektos oapELOu 
noxl to aapELOv xopas tuv duo euGeluv ax0ELaa Kal EKf}flr|0ELCja noxi 
xav dLapExpov eoo'eltq.l touto. nox’ op0as. 

”Eaxu apLKUKALOv to AB, oapsiov dk tl 

EKTOS CLUTOU TO l~, KOL EK TOU V &X0UV 

r duo eu9e lol ai TA, TE knLipauouoaL au- 

tou Kaxa xa A, E craps ici, Ens^suxGuv 
dk ek tuv oapsiuv acpas noxl tols ans- 
vavTLOv nspaTTEOL Tas SLapsTpou Ta A, 
B EU0E taL al EA, AB TEpvkouoaL aAAaAas 
Kara to Z, Kai axGsiaa a TZ EKfkf^Af)- 
a0u sni to H aapELOV (papi df), eu0e ta 
a TH diapsTpu Ta AB eooeltoi noT’ op- 
0as. 

’Ens^Eux0uv ^ap al AA, EB. ’Ensi ouv 
Tpi^uvou tou AAB ^idvia a uno AAB op- 
0a eotlv, Aoinai apa &uviai al uno AAB, 
ABA pLd op0d ioaL evt' ecttl dk Kai $u- 
via a uno AEB plql op@d ioa' KOLva noTL- 
KELa0u a uno ZBE' ouvapcpoTspos apa a 
uno AAB, ABE ouvapcpoTEpy tcj uno ZBE, 
ZEB, TOUTECTTLV E^UTEpLKCJ ^WVLCJ. TQL UnO 
AZE Tpi^uvou tou ZBE eot'lv ioa. 

Kai snsi eu0e ia a TA knupauouoa tou 
kukAou eotlv, Sloktol dk ano tou oa- 
Pelou acpas tou A a AB TEpvkouoa tov kukAov, eooeltol ^uvia a uno TAB ^uvlcjl 
Ta uno AAB i'aa' did Ta airra df] Kai &wvia a uno TEZ Ta uno EBA eot'lv ioa 
Kai ouvapcpoTspos apa $uvia a uno TEZ, TAZ tcj uno AZE eot'lv ioa' 

Kai dkdELKTai nap T]puv kv tols IHspi TETpanAsupuv otl el Ka psTa^u duo iouv 
EU0ELUV TEpvopsvuv, oiov tuv TA, TE, duo EU0ELOL dx0suvTL TEpvopsvaL, oiov ai 
AZ, EZ, &wvia dk a uno toutuv nspLsxopkva, us a noTi tu Z, ouvapcpoTspu Ta 
uno TUV duo TEpvopsvuv EU0ELUV nspLEXOpEVOL, US al nOTi TOLS E, A aapELOLS, 
i'oa eotlv, a knL^Eu^vupkva ek tou oapsiou Ka0’ 6 ai duo eu0e iai oup^aAkovTL 
sni to oapElov Ka0’ 5 outol tepveovtl aAAaAas, us a TZ su0Eia, EKaTspcj tuv 
TEpvopsvuv eu0eluv, us ai TA, TE, eot'lv ioa' 

a TZ eu0e ia apa Ta TA eot'lv i'oa Kai ^uvia a uno TZA ^uvlol Ta uno TAZ, 
touteotl tql uno AAH' ^uviaL dk ai uno TZA, AZH duoiv op0ais ioaL evtl' ou- 
vapcpoTspos apa ^uvia a uno AAH, AZH duoiv op0ats ioa eotlv Aoinai apa 
^uviai TETpanAsupou tou AAZH ai uno AAZ, AHZ duoiv op0ais ioai evtl' eotl 
dk ^uvia a uno AAB pL^ op0g ioa' ^uvia apa a uno AHT pL^ op@d iaa eotlv' 
eotlv apa Eu0Eia a TH diapsTpu to AB tot’ op0as' dkdsiKTOL ouv to npoTE0kv. 
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12 . 

If from a point outside of a semicircle, draw two tangents and 
join the tangency points with the opposite ends of the semicircle’s 
diameter intersecting in a point, then the line segment which joins 
the point outside with the intersection point and produced to meet 
the diameter is perpendicular to the diameter. 

Let AB be the diameter of a semicir¬ 
cle and let CD, CE be the tangents to 
it from any point C. Join the tan¬ 
gency points D, E with the opposite 
ends of the diameter AB with the seg¬ 
ments EA, DB and let Z be the inter¬ 
section point. Then, if draw CZ and 
produce it to meet AB at H, I say that 
the line segment CH is perpendicular 
to AB. 

Join AD, EB. Then we take 

zDAB + zDBA = zAEB ->■ 
zDAB + zDBA + zZBE = zAEB + zZBE 
zDAB + zEBA = zDZE 

but 

zCDB = zDAB Kcd zCEZ = zEBA 

therefore 

zCDZ + zCEZ = zDAB + zEBA = zDZE 

and as it is proved in the treatise ” About Quadrilaterals”, that if from 
the ends of two equal line segments like CD, CE two other line segments are 
drawn like DZ, EZ which meet in Z, then it will hold 

zCDZ + zCEZ = zDZE CD = CE = CZ 

Then it will hold also 

zCDZ = zCZD = zDAH -> 

zDAH + zDZH = zCZD + zDZH = 2 L -»■ 

DAHZ is inscribed ->■ 
zADZ + zAHZ = 2 L -r 
zAHZ = 1 L 

That is CH is perpendicular to diameter AB. Therefore the claim has been 
proved. 


c 
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B i ft A l o Ar|g(j.dxuv 


Ei Ka ev kukAuj 5uo euGeiai xepveouaai aAAaAas jj.fi nox’ opGas uaiv, 
a |j.kv SLdjiETpos a 5k ou, dxGewvxL 5k ano xuv nEpaxwv xas SiajiETpou 
Eu0Eiai nox’ 6p0as xa. aAAa Eu0Eia, at dnoAa<p0EtaaL ano xwv nepaxwv 
xas Siapexpou euGeiai iaai aAAaAais evxL 


"Ectxuj kukAos 6 ABr Kai ev auxu 5uo eu- 

L 

Geiai xEjivEOuaai aAAaAas gf] nox’ op- 
9as al AB, TA, av a AB Siagexpos xou 
kukAou, Kal and xuv nepaxuv xas 5ia- 
gkxpou xuv A, B ax9uaav xg TA nox’ 
opGas eu0e taL al AE, BZ. cpagl 5f|, al a- 
no xuv nspaxuv xas SLagkxpou anoAa- 
cp0E LoaL eu0e taL al TZ, AE LaaL aAAaAaLs 

EVXL. 

’Ene^euxGu $ap cl EB Kal and Kevxpou 
xou kukAou xou I xg I~A ax9u nox’ opGas 
EuGela a IH Kal EK^Ar|9ELCTa augftaAAexu 
xg EB Kara xo O aagelov. 

’Enel ouv eu9eia a IH napa xav AE e- 
oxlv, a 5k Bl xg IA laa, euGeLa apa a 
BO xg OE eox'lv laa. 
riaAiv, snel a BZ napa xav OH f], eaxiv 
euGeia apa a ZH euGeig xg HE eaxiv 
laa. eoxl 5k Kal a HT xg HA laa. KOLva 
d<paipf)a9u a ZH, xouxeaxiv a HE' Aoina 
apa a Zr Aoina xa EA eaxiv laa' cpavepov 
ouv 5 e5el SetEaL. 
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13. 

If in a circle, a diameter meets a chord not at right angles, 
and from the end points of the diameter draw perpendicular line 
segments to the chord, then the outer segments defined on the 
chord are equal. 


A 



Let ABC be a circle and let AB, CD 
be two chords of the circle which in¬ 
tersect not at right angles of whom 
AB is the diameter. Then from the 
end points A, B of the diameter draw 
perpendicular line segments AE, BZ to 
CD. I say that the line segment CZ is 
equal to line segment DE. 

Join EB and from the centre I of 
the circle draw IH perpendicular to CD 
and produce it to meet EB at point F. 
Then we get 


IH || AE 
BI = IA 


BF = FE 


Again, since 


BZ || FH 
BF = FE 


ZH = HE 


so finally 

HC = HD 
ZH = HE 


CZ = EZ 


It is obvious then that the claim has 
been proved. 
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B i ft A l o AT|ppaxuv 


i5\ 

El kcl ev qplkukAluj and xuv nspdxuv xas SLapkxpou 5uo laa xpapaxa 
Aaq>0kuvxL Kal and xouxuv apLKUKALa evxos gpatpkuvxL, gpa<pr| 5k and 
toO AoinoO xpapaxos xas diapexpou clplkukAlov ekxos, 6 kukAos, ou 
SiapExpos auvapLpoxepos a. ek xoO Ksvxpou xoO clplkukAiou Kal a. ek 
XOU KEVXpOU xoO EKXOS, XUpLU XU nEpLEXOpEVUJ UnO XUV nEpupEpELUJV xuv 
AplkukAluv, onEp cteAt)vlov KaAELCT0u, lctos ectxlv. 

”Eaxu cl|j.lkukAlov, ou SLapsxpos a. AB, 
Kal ano xuv nspaxuv xas Siapexpou 
xuv A, B 5uo xpapaxa I'aa aAAdAois Ae- 
AacpGu xa Ar, BA, ^pa^Gu 5k and xuv 
xpapaxuv 5uo apLKUKALa evxos, Kal and 
xou Aomou xpapaxos xou TA ^E^pd<pGu 
apLKUKALOV ekxos, 5La KEvxpou 5k xou a- 
PlkukAlou xou E SLapExpy xql AB axGu 
nox’ opGas euGelo a EZ Kal EKfkf}Af)aGu 
knl xo H aapEiov cpapl 5f), 6 kukAos, ou 
SiapExpos a ZH, xuply xy nEpiExopkvu 
uno xuv nEpicpspEiuv xuv apiKUKAiuv, 6- 
nsp cteAtivlov KaAslaGu, lctos ectxlv. 

’Ensl ^ap EuGsla $pappa a Ar 5lxa 
xkxpaxaL Kara xo E craps lov, noxLKEL- 
xai 5k auxa suGsta kn’ EuGslas a TA, 
xo and xas AA Kal xo and xas noxiKEi- 
pkvas xas TA xa auvapcpoxEpa xsxpa- 
&uva SinAaoLOva evxl xou xe and xas 
aplasias xas AE Kal xou and xas EA 
xExpa^uvou. 

"Ectxl 5k a ZH xql AA laa ectxlv apa Kal xa and xuv ZH, TA SLnAaalova xou 
xe and xas AE Kal xou and xas EA. 

Kal knsl a AB xas AE SmAaoLuv ectx'l Kal a TA xas AE, EacrouvraL Kal xa 
and xuv AB, TA TOLS ano TUJV AE, EA XExpanAaaiova, xouxectxl xols and xuv 
ZH, TA SLnAaoLOva' kukAol apa, uv SLapsxpoL al AB, Ar euGelctl, kukAuv, uv 
SLapExpoL al ZH, TA, SLnAaalovEs evxl - apLKUKALa apa, uv SLapsxpoL al AB, Ar 
suGsiaL, kukAols, uv diapExpoi al ZH, TA, Icra ectxlv kolvov acpaLpfiaGu kukAos, 
ou SLapExpos a Ar, xouxectxl 5uo apLKUKALa, uv SLapsxpoL al Ar, AB* AoLnov apa 
xuplov xo uno xuv nspLcpEpELuv xuv apLKUKAluv nspLExopEvov, dnsp cteAtivlov 
KaAslxaL, kukAljJ, ou SLapsxpos a ZH, lctov ectxlv 5f|Aov ouv xo npoxEGkv. 
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14. 

If from the end points of the diameter of a semicircle equal 
segments are measured, and on these segments as diameters inner 
semicircles are described, and from the rest segment of the diameter 
an outer semicircle is described, then the area of the circle with 
diameter the sum of the radii of the central semicircles is equal to 
the area of the figure bounded by the circumferences of the three 
semicircles, which shall be called selinio. 


Let AB be the diameter of a semicir¬ 
cle, and from the end points A, B of 
the diameter let AC, BD be two equal 
segments measured. On these seg¬ 
ments as diameters describe two in¬ 
ner semicircles and on the rest seg¬ 
ment CD describe an outer semicircle. 
Let the perpendicular to AB through 
E, the centre of the first semicircle, 
meet the opposite semicircles at H, Z 
respectively, I say that the area of the 
circle with diameter ZH is equal to the 
area of the figure bounded by the cir¬ 
cumferences of the three semicircles, 
which shall be called selinio. 

Since DC is bisected at E and pro¬ 
duced to A then be Euclid 2.10, will 
hold 

DA 2 + AC 2 = 2 (ED 2 + EA 2 ) 

but also holds that 

HZ = EA + ED = DA 

therefore 

AB 2 + CD 2 = 4 (ED 2 + EA 2 ) 


H 



= 2 • (HZ 2 + AC 2 ) 


= 2 • (DA 2 + AC 2 ) 


And since circles are to one another as the squares of their diameters 
and denoting by (C XY ) the area of a circle with diameter XY and by (S XY ) 
the area of a semicircle with diameter XY then we take from above 


(Cab) + (Ccd) = ^ • ((Chz) + (Cac)) ^ 
(^ab) + (Scd) = (Chz) + (Cac) ^ 

(Sab) + (Scd) ~ (Cac) = (Chz) -> 

(Sab) + (Scd) - (Sac) - (Sdb) = (Chz) -> 

(^selinio) (Chz) 


Therefore the claim has been proved. 
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IE . 

"Ecttw o|j.lkukAlov to AB Kal a. Ar nAEupa toO EggE^pappEvou Loo- 
nAsupou te Kal ’lcto^ijvlou nEvxa^wvou, TET|jda0w 5s nspupspEia a. Ar 
5lxa Kara, to A, kn l^euxGe Toa 5k a TA ekPePAtioGw knl to E, Kal and 
tou A aapELOu 5 lo.x0ij a AB TEpvkouaa nAEupav xclv Ar Kara to Z, Kal 
ano xoO Z axGw xa AB nox’ opGas a ZH - <pap.l 5f|, Eu0Eia a EH xa ek 
toO Ksvxpou xoO kukAou loa eoxlv. 

’Ens^EuxGu $ap d TB, Kal ectxuj kev- 
xpov tou kukAou to 0 oagslov, Kal a- 
xGuoav al 0A, AH, AA Eu0Eiai. 

’Ensl ouv ^uvla a uno ABr 5uo nk|j.- 
nxa opGas eoxlv, ^uvia d uno TBA, xou- 
teotl a uno ABA, ev nEpnxafiopiov op- 
6as ecjxlv' ^uvla apa a uno A0A 5uo 
nk|j.nxa opGas eoxlv. 

Kal snsl ev 5uol tplxwvols xols TBZ, e 
HBZ 5uo $wvlaL al nox l TLjj B lool aA- 
AclAols evxl, op0al 5k al noxl xa. H, T 
oagsla, KOLva 5k nAsupa a BZ, eooeL xaL 
apa Kal pdaLs a Br PaoEL xg. BH loa. 

riaALv snsl ev 5uol xpi^uvoLs xols TBA, HBA 5uo nAsupal al TB, BH loai 
aAAaAais evxl, ^uvlaL 5k al noxl xw B I'oaL, KOLva 5k nAsupa a BA, eooe txai 
apa ^uvla a uno BrA ^uvlol xa uno BHA, touxeoxlv EnLnsgnxw opGas, loa' 
eoxl 5k EKaxkpa xwv uno BrA, BHA ^uvlljv ^uvlol xa ekxos tou ev xlj kukAuj 
TE xpanAsupou xou BAAr, xouxeoxl xa AAE, loa' ^uvla apa a uno AAB ^uvlol xa 
uno AHA eoxlv I'oa, Kal nAsupa a AA xa AH. 

Kal snsl ^uvla a uno AOH Pe' opGas eoxl Kal a uno AHO EnlnE(j.nxos opGas, 
^uvla apa a uno OAH Pe' opGas eoxlv nAsupa apa a AH nAsupa xa H0 eot'lv 
loa. 

riaALv, snsl &wvla a uno AAE xou ev xy kukAuj XExpanAsupou xou AArB ekxos 
eoxlv, sooELxaL apa &wvla a uno AAE ^uvlol xa uno ABr l'oa - eoxl 5e &wvla a 
uno ABr Py' opGas - ^uvla apa a uno AAE ^wvlg. xg. uno HA0 eot'lv loa. 

Kal snsl ev 5uo'l xpL^uvoLs xols EAA, 0AH 5uo ^uivlol al uno EAA, AAE 5uo'l 
xats uno 0AH, AHO EKaxkpa EKaxspg. lool evxl, Pools 5k a AA Pooel xg. AH 
loa, nAsupa apa a EA nAsupg. xg. OH loa eoxlv. 

KoLva noxLKELoGuj a AH - euGelo apa a EH suGslg. xg AO, xouxeoxl xg. ek xou 
K svxpou xou kukAou, I'oa eoxlv - SeSelkxol ouv to npoxeGev. 

n 6 p i o |j. a : ’Ek toutou 5fi (pavepov otl euGeia a AE xa ek toO 
Ksvxpou xoO kukAou eot'lv loa. ’Ensl ^ap ^wvia a uno AAE bwvlol uno 
AHO loa eoxlv, EOOELxai Kal nAsupa a AO nAsupa xa AE, xouxeoxl xa 
AO, Loa. 


n 6 p l o p. a : Kal exl 5f|Aov oxi euGelo a Er axpov Kal pkaov 
TExpaxaL Kara to A oapELOv - xpapa 5k to AE xo |j.el£6v eoxlv, snsl a 
EA nAsupa xoO s^a^uvou, a 5k Ar nAsupa xoO dEKa^wvou xwv ev xw 
kukAuj EgspaqjopEvwv. 
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15. 

Let AB be the diameter of a semicircle and AC a side of an 
inscribed regular pentagon. Bisect arc AC at point D, join CD and 
produce it to meet BA in E. Join DB meeting AC in Z, and from Z 
draw ZH perpendicular to AB. I say that EH is equal to the radius 
of the circle. 



Join CB, and let point F be the 
centre of the circle, and join line seg¬ 
ments FD, DH, AD. Then 

2 L 

zABC = 

5 

zCBD = zDBA= ^ -> 

5 

2 L 

zDFA = 4- 
5 


For triangles CBZ, HBZ we have 

H = C= 1 L ) 


zCBZ = zZBH = V 

5 

BZ common 

Then the triangles CBD, HBD will be equal because 


BC = BH 


CB = BH 
zCBD = zDBH 

BD common 


zBHD = zBCD = ^ = zDAE zDAB = zDHA DA = AH 


Further since angle ADE is exterior of the inscribed ADCB implies that 
zADE = zABC = 2 L /5. Therefore for the triangles EDA, FDH will be 


ADE = HDF = 


2 1 -' 

5 


DA = DH 


-> aEDA = FDHa ea=hf eh = af 


DAE = DHF = 


6 L 

5\ 


Therefore the claim has been proved. 


Corollary: It is obvious from this that line segment DE 
is equal to the radius of the circle. This is because zDAE= zDHF 
implies that DF = DE = AF. 


Corollary: Also it is obvious that line segment EC is 
divided at D in extreme and mean ratio. If the greater side DE is 
a side of a regular hexagon inscribed to a circle then DC is a side 
of a regular decagon inscribed in the same circle. (Euclid 13.9) 
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